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Tilt order parameters, polarity, and inversion phenomena in smectic liquid crystals
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The order parameters for the phenomenological description of the smetdismecticE phase transition
are formulated on the basis of molecular symmetry and structure. It is shown that, unless the long molecular
axis is an axis of twofold or higher rotational symmetry, the ordering of the molecules in the s@qitiase
gives rise to more than one tilt order parameter and to one or more polar order parameters. The latter describe
the indigenous polarity of the smect@phase, which is not related to molecular chirality but underlies the
appearance of spontaneous polarization in chiral smectics. A phenomenological theory of the phase transition
is formulated by means of a Landau expansion in two tilt order paramgiensary and secondarnand an
indigenous polarity order parameter. The coupling among these order parameters determines the possibility of
sign inversions in the temperature dependence of the spontaneous polarization and of the helical pitch observed
experimentally for some chiral smeci@* materials. The molecular interpretation of the inversion phenomena
is examined in the light of this formulation.
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[. INTRODUCTION around the inversion temperature®§. Certain compounds
exhibit inversion of the pitch handednd4d<] with tempera-
The molecular physics of smectic liquid crystals has beerure but this does not seem to be directly correlated with the
receiving much attention, mainly in connection with sign inversion ofPg. In one known case where both types of
ferroelectricity-related applications of some of these materiinversion are exhibited by the same compound, the two in-
als[1]. Nearly three decades ago it was predicted by Meyeryersions happen at different temperatufds]. A sign-
and soon afterward proved experimentally, that a tiltednverting behavior oPg with temperature has also been ob-

smecticC phase made of chiral molecules can exhibit sponserved in side-chain Si@8* polymers[14]. A similar sign
taneous electric polarizatioRs within each smectic layer inversion is observed, as a function of concentration, in mix-
[2]. This chiral phase, the S@*, further differs from the tures of achiral smectic molecules with chiral dopdifS].
achiral (SmE, handedness symmetriphase in that the azi-  ON€ interpretation proposed for the sign inversiorPef
muthal angle of the director varies linearly with the distanceVith temperature is based on the mechanism of competing

along the layer normal, thus defining a helical c:onfigurationComcormatlons that produce opposite contributions to the

of definite handedness and constant pitch. Norm&llygdis- spontaneous polarlzatlo[rV,llS]'. Another Interpretation as-
sumes competing effects originating from the polar and qua-

appears on heating to the nontiltéorthogonal sm.ect|'cA drupolar biasing of rotations around the long molecular axis
(SmA) phase. More recently, spontaneous polarization Wag,  atrinutes the sign reversal to a special case of the cou-
detected in a special class of achiral compounds with berfjing of the tilt to the rotational biasinEL6]. Although these
structure(banana-shaped moleculésrming smectic phases o interpretations address different molecular features,
with form chirality [3-5]. namely, conformational changes and transverse interactions,
In general Ps depends very sensitively on the structure ofthey are not necessarily mutually exclusive. In fact, the pos-
the molecules that form the S@* phase. There are numer- sibility of sign reversal ofPs is directly obtained in a mo-
ous examples of dramatic changesRa caused by only ecular theory of primitive smectic molecules consisting of a
slight modifications of the molecular structure. Usually, therigid mesogenic core and two pendant chains that can rotate
magnitude ofPs increases on lowering the temperature fromabout the core axis, thus producing different conformations
the SmMA-SmC* transition point Tacx. A number of [17,18. This theory explicitly shows that the tilt angle of the
Sm-C* compounds, however, deviate from this behavior incore segments is in general different from the tilt of the
that the magnitude oPg increases up to some value from chains and that the sign inversion Bf; is related to the
which it decreases on further reducing the temperature. Igariation of this difference. The variation is driven by pack-
several known cases the decreasdRy| with temperature ing correlations between the molecular orientations and the
continues until an “inversion temperaturd@y,, is reached at conformations. Such correlations affect both the conforma-
which Pg vanishes completely; below that temperatéte tional sampling and the sampling of transverse intermolecu-
grows again monotonically but with the opposite signlar interactions that produce the rotational bias of a given
[6—11]. The temperature dependence of the tilt angle and ofonformer around the long molecular axis.
the helical pitch does not show any particular irregularity Notably, each of the above interpretations implies mo-
lecular features, such as biaxiality and flexibility, that are
clearly beyond the uniaxial rod idealizations underlying the
*FAX: +30 61997461. Electronic address: photinos@upatras.grsimplest microscopic and phenomenological descriptions of
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tilted smectics. The consideration of more realistic moleculaflect particular effects of molecular structure and conforma-
structures is necessary not only for the interpretation of spetion on smectic ordering.

cial phenomena, such as the inversion of the spontaneous The next section deals with the identification of the rel-
polarization or of the pitch, but also for the understanding ofevant order parameters of the Sinand SmE phases in
more common and fundamental aspects of smectics, such &Jation to molecular structure and symmetry. These order
microsegregation. The latter originates from the chemicaParameters are then used in Sec. lll to formulate a Landau
differentiation of the two basic components of the smectic€xpansion of the free energy of the Sw-SmC transition.
molecules, namely, the relatively rigid mesogenic core and Ne Landau expansion is used to derive the temperature de-
the aliphatic end chains. Microsegregation is the mechanisféndence of the order parameters and therefrom to investi-
that drives the formation of the smectic layers and, combinedate the conditions leading to sign inversion of the param-
with the nonlinear(zigzag, bent, et.structure of the mol-  €ters associated with the spontaneous polarization, in Sec.
ecules, gives rise to tilt and polar orderify7,18. In com- |V, and the handedness of the pitch in the &h-phase, in
mon smectic molecules, molecular flexibility consists mainlySec. V. The current description is compared with the conven-
of internal flexibility of the end chains and of the possibility tional Landau expansion in Sec. VI.

of rotations of the chains as a whole relative to the core. In

the absence of any site-specific interactions, flexibility alone Il. SYMMETRIES AND ORDER PARAMETERS

could produce microsegregation as it is entropically favor-
able for the “fluid” chains to group togethdi9]. Further-
more, as a result of the internal relative motions of the sub
molecular segments, the average disposition of the flexibl
asymmetric, molecule in the tilted smectic phase cannot i
general be described by a single tilt an¢dguivalently, by a

ingle “dir r"). Differen ments of the molecul | . .
single “director”) erent segments of the molecule could a phase-fixed reference frame and the twofold symmetry axis

exhibit different tilt angles with respect to the layer normal. . : .
The existence of n?ore than onz director, an)é associated taken tp bg the axis of the frame. Accordingly, the aboye
tilt angle, has been invoked for the interpretation of the re_symmetnes imply invariance of the molecular probability

sults of several experimental studies of the Snphase. (rj(l,sstrIé)c?ttlt(())nt,haen?oflr;?/\r/ienbyt&c;rlfafgil?o?;;?oyng the phase, with
Deuterium NMR measuremenf&0] indicate that different P 9 :

The SmC phase has a mirror symmetry plane, the “tilt
plane,” perpendicular to the layers, and a twofold rotation
symmetry axis C,) in the direction normal to the tilt plane
1,2]. The intersection of the twofold axis with the mirror
plane defines the center of inversion symmetry of the phase.
In what follows, the layer normal is identified as thexis of

segments of the flexible smectic molecules do not in general X——X (plane of symmetry, (1)
share a common principal axigirecton of their second rank
ordering tensors. A clear difference between the tilt angles (Y,Z)—(—Y,—Z) (twofold rotation. 2)

associated with the mesogenic core and the flexible end

chains of the molecules is obtained from x-ray measurements As a result of the invariance with respect to these trans-
[21] in the SmE phase. Analogous conclusions are reachedormations, the phase is also invariant with respect to change
with IR spectroscopy22]. It is also well known that x-ray of handedness of théY Zframe, i.e., achiral. The symmetry
measurements and optical measurements give in general dif the SmA phase differs in that it is invariant separately
ferent values for the tilt angle, indicating that the tilt deter-with respect to

mined from molecular packing within the layers need not

coincide with the deviation of the principal optical axis from Y—-Y and Z—-Z €
the layer normal. Such considerations are consistent with re-
cent results from combined x-ray and optical studies on A. Uniaxial molecules

ferroelectric liquid crystal cell§23]. In fact, a single tilt
angle description is strictly applicable only to molecules of
uniaxial symmetry.

If the molecules forming the smectic phase are approxi-
mated by uniaxially symmetric rigid objects, then the orien-

The same implications of molecular asymmetry and flex12tion of each molecule is specified in terms of a single unit
ibility are carried over to the polar order parameters; they ar%(ectos along the molecular axis of_fuII ro_tatlonal symmetry
in general different for different segments of the molecule :5¢€ Fig. ). In that case, the orientational order param-
This is directly demonstrated by atomistic calculations of theeters, .., the ensemble averages of tensors of various ranks
segmental order paramet¢gst]. It is also in accord with the that can_be formed from the gomponents _spfreflect the
observed sensitivity of the spontaneous polarization of somaymmetries of the Srt- phase in the following ways. The

categories of Sn&* compounds to changes of the position zero rank(scalay order parameters are trivia{€)=1) in

of the electric dipole moment within the molecular frame view of the assumed rigidity of the molecules. The first rank
[1,24] (vectop order parameters vanish in view of Eq$) and(2),

This paper is concerned with the incorporation of molecu- —
lar symmetry and flexibility in the phenomenological de- (80:(Sv),(52)=0. @
scription of the SMA—-Sm-<C phase transition. The resulting The second rank order parameters are the components of the
formulation is used to analyze the sign inversion of the sponsymmetric and traceless tensor
taneous polarization and of the pitch observed in some
Sm-C* materials since such phenomena are thought to re- Nab= (3(SaSp) — Sap)/2, (5)
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alongX. The angled is related to the tilt pseudovector and to

C D 7 Ty the components ofy,;, as follows:
ST T Sin20=2X-t=2nyz/( 773~ 737). (7)
o’ Since the onset of th@chira) Sm-C phase is marked simply
(b) © (@

a by the appearance of a non-vanishing value of the tilt vector,
the Landau expansidi ] of the equilibrium free energy dif-
FIG. 1. (a) Right cylinder representing the molecular symmetry ferencega.c describing the Sri—Sm-<C phase transition is
of rigid uniaxial molecules. The unit vectsrdefines the direction an expansion in the single order paramdteFurthermore,
of the axis of full rotational symmetry of the molecul®) Coarse  due to the thermodynamic equivalence of the states tvith
representation of the generic structure of real smectic molecules iand —t, the expansion contains only even powerg,of
the most symmetric case. The molecules have a plaf&atfstical
symmetry(mirror plane, coinciding with the plane of the drawjng 1 2 1 4
an axis of twofold rotational symmetifperpendicular to the sym- gA_C=§at + th +oee (8
metry plang, and an inversion centéat the point where the two-
fold axis intersects the mirror plapélhe three arrows represent the This is the conventional form of the Landau expansion for
vectors describing the direction of the mesogenic core and of thghe SmMA—-SmM-C transition in the absence of external fields
axes of the two end chains in their most extended conformaipn. [25-28. It clearly does not involve any kind of polarity
Oblique cylinder representation of a molecule bearing the sam@rder parameter. It should be recalled, however, that this de-
symmetries as irib) but disregarding other structural and confor- seription is valid only under the assumption that a single
mational features. The two unit vectands’ are rigidly attached  yactorsis sufficient to describe the molecular orientation, or,
to the molecule; they specify its orienta,tti‘on and define its mirrorequivalently, that the molecules in the smectic phase behave
symmetry plane. The pseudovector sx's' is normal to the Sym- o jqiq ynjaxial objects. It is, of course, not implied here that
metry plane.(d) A dipole momentu is attached to the oblique perfectly uniaxial molecules can indeed form a Snphase.

cylinder in(c). If » has a nonvanishing component in the direction . - . . .
. : . The phenomenological description obtained in this sec-
of a, the attachment of the dipole leads to the breaking of the mirror. - : : .
ion, i.e., the expression for the tilt pseudovector in Ej,

symmetry. The molecule then becomes chiral with respect to ité .
electrostatic interactions. also known as the Pikin-Indenbom order paramgiérand

the conventional form of the Landau expansion in E),

could be obtained without any reference to molecular struc-
ture or symmetry. This could be done simply by assuming
that the orientational ordering of the molecules can be fully

result of the symmetry transformation in E@). The diago- : ; g
nal CompONENtSyyy . 7vy, ny7 SUNVIVE both symmetry op- _descrlbed by a single order parameter tensor of rank 2. This

erations in Egs(1) and (2) and so does the off diagonal idealization leads to a single directar which, when not
componentyy ;. The latter gives a measure of the breakingcoincident with the layer normal, can be used to define the
of the rotational symmetry about the layer normal gxis ~tilt order parameter according to E). Molecular structure
due to the tilted ordering of the molecules. The additiona@nd Symmetry have been explicitly considered in this section
symmetry, Eq(3), of the SmA phase leads tgy ,=0. Thus in order to famhtgte the subsequent d|spus§|oq of_ less ideal-
the primary order parameter for the distinction between thé?ed representations of molecular organization in tilted smec-
Sm-A and the Sn phases isyy ;. tics.

with the subscriptsa,b denoting components along the
X,Y,Z axes. The order parametensy and nx, vanish as a

It is convenient not to use directly the order parameter o . o
nyz in the phenomenological description of the phase tran- B. Minimal deviation from uniaxial molecules
sition but rather to use the so-called “tilt pseudovectoy” Real smectic molecules are of course flexible, their shape

which conveys explicitly the deviation of the director from s not uniaxial, and their orientation within the smectic phase
the layer normal in the Sr- phase. The relation dfto vz cannot be fully specified by a single vecfsee Fig. 10)]. In
is established through the identification of the director withizct the complete specification of the orientation and confor-
the principal axis of the ordering tensor. The tilt pseudovecmation of the molecule requires at least as many unit vectors
tor is defined by as there are molecular segments capable of moving relative
to one another. In what follows we demonstrate that the de-
t=(ZXZ2)(Z2-2), (6)  scription of the SmA—Sm<C phase transition becomes quali-
tatively different if one goes beyond the uniaxial idealization
= . . . N o of the molecular structure. This will be done by minimall
whereZ is the umt vector in the d|rect'|on' of the. principal extending the single vector description to a d)éscription )gn
axis (_)f the _ordermg ten_soryab. The principal axis frame terms of two molecular unit vectors but the formulation can
XYZ is obtained by rotating th¥Y Zframe about theaxis  pe readily generalized to more complex molecular structures.
by an angled such as to diagonalize the tensgy, i.e., to Consider a molecular structure such as the one shown in
obtain the frame for whichyz=0 or, equivalently, for Fig. 1(b). In the most symmetrical case the structure is cen-
which the order parameteyz; acquires its maximum value  trosymmetric, the plane of the fully extended conformation
755 . ObviouslyX coincides withX and the pseudovectbis  of the molecule is a mirror symmetry plane, and the axis
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perpendicular to that plane at the inversion center of the mol-
ecule is a twofold symmetry axis. Ignoring for the moment
molecular flexibility and structural details, these symmetries
are conveyed by the oblique cylinder of FidclL Unlike the
right cylinder of Fig. 1a), the orientation of this object can-
not be completely specified by a single unit vecoA sec-
ond unit vectors’ is required. A convenient choice of unit
vectorss, s’ is shown in Fig. {c). A measure of the devia-
tion from prefect rotational symmetry about a single “long

FIG. 2. lllustration of the packing mechanism giving rise to
» polar ordering within a single layer of the tilted phase. With the

axis is then provided by the pseudovectwrsxs'. This director Z® tilted to the right relative to the layer normal, the
pseudovector is normal to the symmetry plane of the obliquétatiSticauy dominant molecular configurations are represented by

cylinder; its direction can be used to differentiate betweer}he. three oblique cylinder m.()lecmes on the right. For SQCh configu-
“ " . rations, the pseudovectarpoints out of the plane of the figuféhe
the two “faces” of the molecule, i.e., the two halves of the

. “tilt plane™ ). Molecules configured like the oblique cylinder on the
molecule separated by the symmetry plane. Obviously, the%gft end havea pointing into the plane of the figure but these con-

two halves of the o_bllque cylinder ar“e d'St'?Ct MITOr IMag€Siqrations deviate from the preferred tilt direction and are therefore
of each other; equivalently, the two “faces” of the molecule gajisically less favored by the packing constraints. Accordingly,
are distinguishable. _ _ the average projection of the pseudovectoalong the direction
The symmetries of Eqg1) and (2) imply that the first  ormaj to the plane of the figuféhe C, axis of the phasewill not
rank order parameters associated with the two unit vectors Gfanish. The value of this projection defines the indigenous polarity
the oblique cylinder vanishs)=0=(s'). By analogy with  order parameteP, of Eq. (13). The molecules chosen for this illus-
Eq. (5) there are two second rank order parameter tensorgation have a plane of mirror symmetiperpendicular toa) in
one for each of the vectosss’, namely, order to stress that the polarity of the tilted phase has nothing to do

(s) with molecular chirality.
Nab ™~ (3(SaSn) — an)/2, 9

and (ax)=(SySy—SySz) (12
, acquires a nonvanishing value in the $hphase. This order
75 = (3(S4Sh) — Bap) /2. (100 parameter describes the indigenous polar ordelrir ex-
hibited by the molecules as a result of the tilted alignment
There is also a third, mixed, second rank order parametegithin the smectic layers. The microscopic origin of the in-
tensor digenous polarity is depicted in Fig. 2 for the molecules
, whose shape can be approximated by the oblique cylinders
75 )= (3(saSh+Sisp)2—(s:8) ap)/2. (11 of Fig. 1(c): with the directorZ‘® tilted to the right of thez
axis and with theX axis pointing outward from the plane of
Only the Y Z off diagonal components of these tensors surthe figure, the combination of stratification and alignment
vive the symmetry operations in Eqd) and(2). Now, the  constraints favors the molecular configurations for which

diagonalization of each of the tensay&) , (%), and5(3S)  points in the positive direction of th axis (a- X>0) over
requires in general a different rotation about ¥iexis. Ac-  those for whicha points in the negative directiona(X
cordingly, there are three different tilt angle¥, 6, and ~ <0)- Accordingly, on the average X will acquire a posi-

6= defining three different director framedrames of ' ¢ value(ay).

. . . .. The existence of the tilt-induced polar ordering was dem-
principal axes The three tilt angles, and the associated t'ltonstrated using explicit molecular models of the Enphase

vectorst(®,t), andt(®*), are related to the components of aking into account phase symmetry and orientation-
the respective tensors analogously to E@.and (7). AS  conformation correlations dictated by the tilted stratified or-
shown in Appendix A, the choice of the th(ee mdependen_t t'“dering[l?,la. It was also pointed out that this type of polar
order parameters to represent the breaking of the rotatlon@Irdermg, the indigenous polarity, was overlooked in all pre-
symmetry about the layer normal is not unique. It is alsoyjoys molecular theories of tilted smectics. For notational
shown there that, in the case of perfectly rigid moleculesconyenience, the polar ordering can be represented by an
one of the three parameters can be eliminated by ChOOSiWHdigenous polarity(pseudovector order parameteP, di-

the molecular frame of axes properly. ~ rected along th& axis of the phase and defined as follows:
The existence of more than one tilt order parameter is not
the only difference from the uniaxially symmetric molecules. P,=(a)/|al=X(ay)/|a]. (13

Another, perhaps more important, difference is that the
pseudovectora singles out a unique transverse molecular
direction and this makes it possible to define ghgeudovec-
tor) order parameteta). The Y and Z components of a) Clearly, the indigenous polarity is not a result of molecu-
vanish as a result of the symmetry operations of Etjsand  lar chirality and is present irrespective of whether or not the
(2), but theX component survives these operations and therephase exhibits an electric spontaneous polarizafign In

fore the corresponding order parameter fact, the appearance of spontaneous polarization can be con-

C. Spontaneous polarization and molecular chirality
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sidered as a manifestation of the indigenous polarity whershape and on the intermolecular interactions. This is approxi-
the smectic molecules possess a permanent dipole momentately true for some types of real compounds. Normally, the
For example, if the oblique cylindrical molecules in Fig. 2 chemical introduction of lateral dipolar groups deforms to
possess a dipole momept rigidly attached to the molecular some extent the molecular structure to a shape without mir-
frame [see Fig. 1d)] and with a nonvanishing component ror plane symmetry. Furthermore, if the dipole moments are
alonga, then the indigenous polarity gives rise to a sponta-strong enough the effects of dipole-dipole interactions on the
neous polarization vectd?s along theX axis. As shown in  molecular ordering, and in particular d%, could become
Appendix B, the spontaneous polarizatiegcan in this case appreciable. Here, however, our primary interest is not in
be expressed in terms of the indigenous polarity order pathese effects but rather in the polar order that persists in the

rameterP, according to : limit of perfect mirror symmetry of the molecular shape and
. of vanishing dipole-dipole interactions, for which the ideal-
Ps=NulPy, (14 ized molecular picture is appropriate. Accordingly, the intro-

duction of dipole moments to the molecular structure is as-

where N is the number of molecules per unit volume andsymed to break only the mirror plane symmetry of the
wr=(m-a)/|a| is the (pseudoscalameasure of what is of- electrostatic profile of the molecul@ot its shape, i.e., its
ten referred to as the “transverse molecular dipole.” Equapacking properties in the bulkA measure of this “electro-
tion (14) is an exact result relating a macroscopic quantitystatic chirality” for the idealized structure of Fig.(d) is
(Ps) to a molecular order parametePf via a molecular given by u¥ . This measure of molecular chirality is, of
property (u}). It states that thé¢indigenou$ polar ordering  course, not a universal one. Its relevance is restricted to the
of the SmE phase will give rise to a macroscopic polariza- description of the spontaneous polarization. Other manifes-
tion provided thapT # 0. It should be noted at this point that tations of chirality, such as the helical twisting power, in-
the presence of a dipole moment with a nonvanishing comvolve different quantifications of molecular chiral asymmetry
ponent alonga breaks the mirror symmetry of the oblique [30].
cylindrical molecule, i.e., introduces a chiral asymmetry. Itis The example of the oblique cylinder was used here as a
clear, however, that this chiral asymmetry does not produceninimal deviation from rotationally symmetric molecular
the polar ordering; it is involved only with the manifestation structures to provide a simple concrete illustration of the
of the latter in the form of an electric spontaneous polarizaimechanisms underlying the relation of polarity to tilted or-
tion. dering. However, the basic conclusions reached in this sec-

It is perhaps instructive to view Ed14) as an explicit tion, namely, that the molecular ordering in the €nphase
realization of the general relation proposed by de Gennes arid intrinsically polar and not adequately described by just a

Prost[29] on purely dimensional grounds: single tilt order parametefor a single “director”), can be
o readily carried over to more realistic examples of molecular
(spontaneous polarizatipn structure and flexibility.

= (number of molecules per unit volume
I1l. LANDAU EXPANSION

X (transverse molecular dipole . . .
( P9 Given that there is more than one tilt order parameter and

X (yield facton. (15 at least one indigenous polarity order parameter, it is neces-
sary to describe how these order parameters are incorporated
Since the spontaneous polarization is a true vector and sinée the phenomenological Landau expansion of the free en-
the physical quantity “transverse molecular dipole” has toergy for the SmA—Sm-C phase transition. This is addressed
change sign on transforming the molecule to its mirror im-in the present section using, for simplicity, the example of
age, there are in principle two possibilities for the tensormolecules with the symmetries of the oblique cylinder.
character of the “transverse molecular dipole”: either vector ~ Since there are three second rank tensors, as in(Bgs.
or pseudoscalar. In the first case the order parameter thét1), the diagonalization of which defines three different tilt
goes under the name of "yield factor” must be a scalar andvectors, the formulation of a Landau expansion is not as
in the second a pseudovector. Obviously Et4) corre-  straightforward as in the case of a single tilt vector. Obvi-
sponds to the second possibility and the *“yield factor” is ously, any linear combination of the three tensors constitutes
identified with the indigenous polarity pseudovec®pr Al- a new tensor whose diagonalization defines a tilt vector. It is
though both possibilities are acceptable from the tensoriathus possible to use in place of the original three tensors any
point of view, the first possibility is physically incorrect since three linearly independent combinations theregfe Appen-
the direction of the spontaneous polarization vector is a maadix A). Of course all such choices are physically equivalent
roscopic one and cannot therefore be specified by any dire@nd the corresponding expansions can be transformed into
tional quantity associated with individual molecules butone another. The actual choice is therefore dictated by con-
rather by the directionality of an order parameter describingiderations of simplicity and physical clarity. As shown in
the bulk phase, in this case the “yield factoP . Appendix A, a description in terms of just two independent
For conceptual clarity we have used an idealized molecutilt vectors can be obtained in the case of rigid molecules by
lar picture where the introduction of a dipole moment in theproperly choosing the molecular frame. The explicit consid-
molecular structure has negligible effects on the moleculaeration of several molecular segments and tilt vectors with-
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out restrictions on flexibility, is treated in detail elsewhere Minimization of the free energy in Eq16) with respect
[31]. Here we consider systems that can be described ito t,t’, and P, yields the following expressions for these
terms of two tilt vectorst andt’, both of which acquire order parameters in terms of the expansion coefficients:
nonzero values at the same transition temperaiyrec .

The tilt vectorst andt’ will be referred to as the primary and t?=(h—a)/b, (17)
secondary tilts, respectively. Physically, the primary tilt ,
could be assigned to represent, for example, the tilted order- t'/t=r, (18
ing of the mesogenic core and the secondary tilt to represent
the effective mean tilt of the pendant chains. Another possi- P/ /t=R, (19
bility for the physical content of andt’ is to describe the where
average tilt of the overall molecule)( and the weighted
spread in the tilts exhibited by the different molecular seg- h=[c?+(cc’—c"d)%(a'd—c'?)]/d, (20)
ments ('). Similarly, a single polarity paramet&; will be
used, which is understood to represent the polar ordering of a r=(cc’'—c’d)/(a’d—c’?), (21)
unit pseudovector defined by the vector product of two ap-
propriately chosen molecular vectors. and
With all three pseudovectotst’,P, along theX(C,) axis, )
the rotational invariants that can enter into the extended Lan- R=(a’'c—c'c")/(a’'d—c'?). (22
dau expansion are the scalar quantitiest)((t’-t’), )
(P,-P),(t-t"),(t-P), and ¢'-P,). Accordingly, the ex- It is usually assumed that the _sFron_g dependence @f _
tended version of the expansion of E8) for the free energy temperature near the phase transition is adequately described
of a single smectic layer contains the following leadingPY the form
terms: alb~ay(T—To), (23)
1 1 1 : " -~
Oac=5 at?+ Ea't’z_ctpl_C’t’p|+C"tt’+ Ed p? with a; constant and positive anfl, a characteristic tem-

perature constant. FdrnearTy,h/b can be approximated by

+%bt4+ . 16) h/b~hgy+hy(T—To), (24)

with hy,h; constants. Normalljh,|<a;, reflecting the weak
Here the pseudovectotst’,P, are replaced, for notational dependence di/b on temperature. It then follows from Egs.
simplicity, by their projections,t’,P, along theX axis. The (17), (23), and(24) that near the Sti—Sm-C phase transi-
coefficients a,a’,b,c,c’,c”,d are all scalar(handedness tion the temperature dependence of the primary tilt is of the
symmetri¢ quantities. The coefficiend is associated with form

the decrease in entropy resulting from the polar ordering s

within the smectic layer and is therefore positivé0). U =t5(Tac—T), (25
The signs of the coefficients,c’,c”, associated with the . -

bilinear coupling contributions among the parametersVhere the phase transition temperatliigc is given by
t,t’,P,, depend on the choice of the relative signs of the _ _

molecular vectors. The differentiation between the primary Tac=Totho/(a1~hy), 26
tilt t and the secondary/ in the expansion is made by the ang the constant scale factor in E85) is t3=a;,— h;.
inclusion of a fourth power contribution only for the former,
with b>0, and by the strong temperature dependence of the
coefficienta. The latter coefficient is assumed to change sign
with temperature near the S/—Sm-C transition, whereas
the coefficienta’ is assumed to be, like all the other coeffi-  Consider next the coefficie® of Eq. (22). If the tem-
cients, slowly varying with temperature around the transi-perature dependence of all the coefficients entering the ex-
tion. For flexible molecules, however, the variation of thepression folR were neglected then, according to Et9), the
conformational statisticand thereby of the “effective” mo- ratio P, /t would be constant with temperature and it would
lecular structure with temperature could considerably en- follow from Eq. (25) that P,~ \Ta.c— T. However, it is ap-
hance the temperature dependence of these coefficients. Tparent from Eq.(22) that this is not necessarily the case.
sign ofa’ is assumed to be positive, corresponding to theAlthough each of the coefficients is taken individually to
dominance of the entropy decrease associated with the segary slowly with temperature, their combination could ex-
ondary tilt over the respective lowering of the internal en-hibit a rapid variation. Specifically, the combinatiohc”/a’

ergy. Higher order terms have been omitted from the exparrepresents the couplings of the primary tilt and of the polar-
sion in Eg.(16) to avoid excessive mathematical burden.ity to the secondary tilt, scaled by the coefficient of the en-
However, terms such aB7t? could be of particular impor-  tropic contributions of the latter. If this quantity is nearly
tance for the correct description of the underlying physicsequal to the coupling of the polarity to the primary tilt then
and are therefore not negligible in gen€ral27]. the numerator on the right hand side of E2R) will be very

IV. SIGN INVERSION OF THE POLARITY ORDER
PARAMETER

031712-6



TILT ORDER PARAMETERS, POLARITY, AND . .. PHYSICAL REVIEW E65 031712

sensitive to the temperature dependence of these two, mutu- 0.03
ally canceling, terms. The effect could be further magnified l
by reduction of the magnitude of the denominatorcif, 0.83
associated with the coupling of polarity to the secondary tilt, 0.024
is not small compared to the prodw'td associated with the

entropic contribution of these two parameters. Stated more 0.01 4

briefly, R is sensitive to the relative strength of the coupling o 0.90
of the polarity to the primary and secondary tilts. Two ex- RS
treme situations can be considered, corresponding to the ~ 0001 —

complete decoupling of the polarity from one of the tilt pa- 1 095
rameters. Thus iP, is completely decoupled frord, i.e., if

c¢'=0, then from Eq.(22) R=c/d. In the other extreme, -0.014
polarity is exclusively coupled to the secondary tilt, i.e., 1T 100
=0, and therR=—c'c"/(a’d—c’?). In either of the decou- 20.02 1
pled cases, the temperature dependenc® dbes not in- ]
volve mutually canceling terms and is weaker than in the 1.05
fully coupled case. -0.03 y T g T g T
To relate these considerations to the possible temperature 0.94 0.96 0.98 1.00
dependence d?, we note that, quite generally, the tempera- T/ TA_C
ture dependence d&® may be approximated near the transi-
tion temperature by FIG. 3. Plots of the temperature dependence of the indigenous
polarity order parametd?, as calculated from Ed30) for different
R~Ry+Ri(T—Tac), (27 values of the ratior’, /T (printed on the left-hand end of each

curve.
where Ry,R; are constants. Now, for the cases where, as
described aboveR; is not negligible relative tdR,, it is  ture dependence can be classified according to the value of a
useful to define a characteristic polarity-inversion temperasingle characteristic parameter, the rafjg,/Ta.c . The vari-
ture by ous possible cases according to this classification are shown
in Fig. 3.
o=Tac—Ro/R;. (28) According to the relation in Eq14), comparison of the
predicted temperature dependence of the indigenous polarity
Near the transition temperatui® can be expressed in terms order parametel, with experiment is possible in the St

T

of T.an phase through measurements of the spontaneous polarization
Ps. To use this relation it is necessary to specify the “trans-
R~Ry(T-TF,). (29 verse dipole” componen* , and in particular its depen-

dence on temperature. This in turn depends on the choice of
the pseudovectaa with respect to which the indigenous po-
larity is defined according to Eq13). For rigid molecules,

the orientation ofu relative toa will be fixed and therefore

wt will be strictly temperature independent. For flexible

Depending now on the value G’ﬁw relative toT 5., the (T;Iecultes,hthe temhpe:atl:r:etdepenienc_ﬁigmllI differ ftor
polarity order parameter could exhibit either a monotonicCTeTeNt choices or. In that caseu, will be temperature

increase with decreasing temperatujr[e T.n >Tac) OF a independent only ifa is takgn to be.fixed relative. to the
sign-inverting variatior{if TmU<TA_C). In the latter case, the molecular segments to which the dipole moments at-

. tached. In any case, assuming thas chosen in such a way
magnitudeP starts out from zero dl,.c and iNCreases Con- .+ qoes not change appreciably with temperature over
tinuously, on Iowering the temperature, to a local maximum Ki g€ app y P

*
at T=(2Tac— va)/3, then decreases until it vanishes atthe range of the Sr&-* phase, it follows from Eqs14) and

) L ) hat th f th -
TP and then grows monotonically with inverted sign. (30) that the temperature dependence of the spontaneous po

inv larization is of the form
Naturally, for the sign inversion to be actually observed the

mversmn temperatur@},,, shou!d _be lower than the transi- Ps=PYT- TIF:]U)\/T (32

tion temperaturel 5. but still within the temperature range

of the SmC phase. IfT{; , is too low, falling well outside the  whereP2 is a temperature-independent scale factor. Figure 4
range of the phase, then only the first part of the signshows a comparison of the theoretical temperature depen-
inverting pattern, i.e., the continuous increase toward a localence with experimental measurements for compounds ex-
maximum, is realized within the Si@-temperature range hibiting the temperature-inverting behavi{@®] as well as for
and this behavior appears qualitatively the same as the puretppmpounds with the usual monotonic variation of the spon-
noninverting behaV|or'(mv>TA c)- Altogether, according to taneous polarizatiof82]. The agreement is in all cases quite
the result obtained in E¢30) the different types of tempera- good and shows that the classification of the different types

It then follows from Eqs(19), (25), and(29) that the tem-
perature dependence Bf is given by

Pi=toRy(T—TH,)VTac—T. (30)
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apparent monotonous variation in this case is dué’i'ig

F
- N J\ being relatively far below the Si8* temperature rangesee
e /0 the top curve in Fig. B

It is apparent from the structure of the sign-inverting com-

20 (a) . B n=7 pounds in Fig. 4 that the dipole momeniand chiral cen-
. A =8 ter is situated right at the linkage of the mesogenic core to
15— a v n=9 the chiral end-chain and its ordering is therefore affected
1 equally strongly by the core and the tail. This is in accord
< 104 with the proposed mechanism of competing couplings of the
§ polarity to the primary and secondary tilts. Finally, it is worth
a 54 noting here that the different coupling of the polarity to the
a primary and the secondary tilt makes it possible to differen-
A 0 tiate thePs response of compounds that differ with respect to
1 the position of the transverse dipole moment within the mo-
-5+ lecular frame but are otherwise similar in structure and there-
1 fore have similar tilts.
-10 4
15 ] : ' : ' : ' . . : V. SIGN INVERSION OF THE SECONDARY TILT
330 335 340 345 350 Analogous considerations apply to the possibility of sign
T (K) inversion in the temperature dependence of the secondary
tilt. By analogy to Eq.(27), the temperature dependence of
0 o the parameter of Eqgs.(18) and(21) near the transition can
C‘“’O‘Mmc@{ be expressed as
OCgHyy
1004 (b) I’%ro-i- rl(T_TA_C). (32)
If the constantr is negligible compared to, the ratio of
804 tilts t'/t in Eq. (18) is temperature independent. Otherwise,
NE an inversion temperatur‘émv for the secondary tilt can be
o defined in terms of the constantg andr;:
- 60+
g Y
N va TA_C—I’O/I’l. (33)
A’ 40-
Combining Eqs(18), (25), and (33), the following expres-
sion is obtained for the temperature dependence of the sec-
20- ondary tilt near the phase transition:
ol . . . . t'=tor(T— T,nu)\/TA_C—T. (34
364 368 372 376 380
T (K) Accordingly, |fonU falls within the temperature range of the

Sm-C phase the temperature dependence of the secondary

FIG. 4. Comparison of the theoretical temperature dependencglt will exhibit a continuous sign inversion ét,t,;v . On com-
of the spontaneous polarizatiéty with measurement. The chemi- paring Eqs.(21), (32), and(33) to the analogous set of Egs.
cal structures of the compounds are drawn at the top of the respe¢22), (27), and (28), it becomes evident that the inversion
tive graphs. The continuous lines are theoretical fits according t?emperature of the secondary ﬂn' is in general different
Eqg. (31). (a) Compounds exhibiting sign inversia@xperimental from the inversion temperature Onfvthe olariEe . In par-
data from Ref[9]). (b) Compound with the usual monotonic varia- ticular. th Df ¢ y P . de' P ¢
tion of the spontaneous polarizati¢experimental data from Ref. UCU ar’i e olcctuhrrence orone yF(’[aho Irt1;]/erS|0n 0es not nec-

essarily imply the occurrence of the other.

[32]). The characteristic temperatuTéw for this compound is be- Y . - A .
The vanishing and sign inversion of the secondary tilt

low the transition temperaturg,.c by 71 K.

with temperature can be related to the unwinding of the helix
of behavior of the compounds according to the single paramand subsequent winding in the opposite sense observed in
eter ),/ Tac is quantitatively successful as well. Interest- some Sme* compounds. This interpretation is based on the
ingly, the inversion temperatufd, , is found to be below the assumption that the directions of the tilt vectors in adjacent
transition temperatur€,_c , both for the sign-inverting com- layers are correlated primarily through the direct interaction
pounds and for the monotonic one. Accordingly, the signof the flexible pendant chains on either side of the interface.
inversion in the latter is precluded by the termination of thelf then the secondary tilt' is identified with the effective tilt
Sm-C* phase at a temperature abovE,U. Moreover, the order parameter of the end-chains, a sign inversiar imill
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induce an inversion in the sense of the helical winding of theéboth chiral and achiral tilted smectic phases. Since the polar-

primary tilt vector across the smectic layers. ity is included irrespective of molecular chirality, in the case
of chiral molecules the free energy in E@6) is modified
VI. REDUCTION TO A SINGLE TILT ORDER only to the extent dictated by the additional interactions as-
PARAMETER DESCRIPTION AND COMPARISON sociated with molecular chirality and the electrostatic forces
WITH THE CONVENTIONAL THEORY among the transverse molecular dipoles. Normally the effects
L . ] of such interactions on the stability of tilted and polar order-
The minimization of the free energy in EGLE) with re-  jng are estimated to be rather marginal. Thus the free energy
spect tot” leads to the condition will include a direct electrostatic contribution of the form
A’ =c’P -t 39 — de/P%= — doi( Nju¥) 2P, (39

This condition can be used to eliminate the secondary tiI;Nith the coefficientd
order parameter from the original free energy expansion. Thglectrostatic term
t’-minimized expression for the free energy, obtained fromterm ie

Egs.(16) and(35), has the form T

«>0 and with the magnitude of this
much smaller than that of the entropic

A=dg(Nu¥)¥d<1, (40)

gA_CZEat2+%bt4—cP|t+%sz, (36) _ . _ .
The differences in the physics underlying the Landau expan-
sions in Eqs(36) and (38) have direct implications on the
thermodynamics of the SM—Sm-<C transition. For ex-
ample, ignoring all interlayethelical structure, etg.contri-
butions to the free energy, EB8) gives the following ex-
pression for the difference between the transition
temperatures of the chirgbure enantiomerand achiralra-

cemig phased1]:

with
a=a—(c")%a’,
c=c-c'c"la’, (37)

d=d—(c")¥a’.

Tacr—Tac= la,)C?, 41

Although the reduced Landau expansion in E2f) is for- AC ac=(Eoxo/0) “D
mally an expansion inandP,, part of the information as- where the temperature dependence of the pararagtezar
sociated with the eliminated secondary tiltis implicitly  the phase transition, is taken to &e-ao(T—To). The result

contained in the “renormalized” expansion coefficients gbtained for this difference from the reduced expansion of
through their expressions in terms of the original coefficientsq, (36) is

as shown in Eqs(37). In particular, as discussed in Sec. |V,

the renormalized coefficientsandd could become sensitive Ta_cr—Tac=(cHd)[N/(1-N)], (42)

to temperature variations around the $mSm-<C transition

in spite of the relative insensitivity of the individual coeffi- and is essentially proportional to the rather small relative

cients of the original expansion that combine to producecontribution A of the electrostatic interactions associated

them. However, when the reduced expansion is considered &4th the molecular dipole moment components that survive

the starting point of the description, such sensitivity to tem-as a result of the chiral asymmetry of the molecules. The

perature can only be introduced hoc smallness of the predicted temperature shift is in agreement
Mathematically, the form of the reduced expansion iswith the rather small values generally obtained from mea-

identical to the conventional Landau expansion, in its mini-surements on enantiomeric mixturg33,34. For a direct

mal form, used for the free energy of a single layer of thequantitative comparison, however, it would be necessary to

Sm-C* phasg[1,26—-2§, namely, take into account the contributions associated with the heli-
cal winding of the director across the smectic layers of the
IA =Eat2+ Ebt“—CP t+ LP2. (39 chival phase. " i
ACT o 4 ST 2e0x0 S It has been suggestéti6] that an additional, higher order,

“piezoelectric” term C' Pgt® should be included in Eq38)
To a large extent, however, the resemblance is only formal ai& order to account for the sign-inverting temperature depen-
the underlying physics is different. Equatié88) describes dence ofPg in the context of the conventional Landau ex-
chiral compounds; in the absence of chirality it reduces tgansion. The resulting free energy expansion leads to the
Eq. (8). The coefficientC is assumed to be a pseudoscalarfollowing dependence of the spontaneous polarization on the
associated in some way with molecular chirality. The quadilt:
dratic term inPg is taken to represent the entropic contribu-
tion associated with the ordering of the molecular dipoles. Ps )2
Accordingly, in the case of achiral compounds no such con- T_SOXO(C_C ). (43)
tribution is allowed by the conventional theory. By contrast,
the expansion of Eq.36) takes into account the indigenous Accordingly, Ps would undergo a sign inversion at a tem-
polarity and therefore admits such entropic contributions foperature at which? became equal t€/C’. For sign inver-
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sion to occur it is therefore required thatandC’ be of the A phenomenological Landau expansion in terms of two
same sign(in the convention used herand thatC’>C, tilt order parametergprimary and secondayyand of an in-
since the expansion is valid for smafl. Thus the conven- digenous polarity order paramet®; is shown to describe
tional description implies that the sign-inverting compoundsconsistently the Si—Sm-<C transition and the appearance
belong to a class where, for some reason, the lower ordesf spontaneous electric polarizatiéty in the chiral SmE* .
piezoelectric coefficienC is much weaker than the higher The relation ofPg to P, is established by means of a well
order oneC’, i.e., to a class of compounds that are in markeddefined molecular quantity that quantifies the chirality of
contrast with the normally assumed ascending relative sigihe electrostatic profile of the molecule. The derived tem-
nificance of higher order expansion terms near the phasgerature dependence of the spontaneous polarization in-
transition. volves a single characteristic reduced temperaT@(gTA_c
Under these conditions fo€ and C’, the temperature whose value differentiates between the compounds showing
dependence for the spontaneous polarization in the case ofide usual monotonic variation of the spontaneous polariza-
second order SM—SmLC* phase transition is of the form  tion with temperature and those exhibiting a sign-inverting
variation. Temperature dependence measurements on both

Ps~(T—TH,)VTac—T, (44)  types of compound are accounted for very accurately.
On the phenomenological level, the sign inversiorPgf
with the inversion temperature parameter given by is obtained as a result of competition between the coupling
of the indigenous polarity to the primary tilt order parameter
T =Tac—CIC ag(b+4CC'egxo). (45  and to the secondary one. On the molecular level, the impli-

cations of this competition are compatible with the picture of
It is apparent, on comparing E(#4) with Eq. (31), that the  competing molecular conformations with opposite contribu-
conventional Landau expansion with higher order piezoelections to the spontaneous polarization. They do not exclude,
tric contributions and the extended expansion in Eif),  however, the picture of competing intermolecular interac-
using the indigenous polarity and the secondary tilt, lead taions, particularly if the conformational changes substantially
functionally identical forms for the temperature dependenceiffect the global structure of the molecule, not just the part
of Ps. Each form is parametrized by the transition temperathat contributes to the spontaneous polarization.
ture To_c and an inversion temperature. However, the un- A similar sign-inverting behavior is found possible for the
derlying physical picture is different and the inversion tem-secondary tilt order parameter and can be related to the in-
peratures are related to physically different expansiornversion of the helical pitch. In the underlying molecular pic-
coefficients:TiF:w of Eg. (31) is related to the coupling of the ture the secondary tilt is associated with the tail segments,
indigenous polarity to the primary and secondary tilts andwhich essentially control the interlayer correlations of the
applies to both chiral and achiral molecules, wheréas primary tilt.
applies only to chiral molecules and is related to the piezo- This description differs from the conventional one mainly
electric coefficientsC andC’. in that it recognizes thaf) polar ordering is present in the

Finally, on further minimizing the free energy in E@6) tilted smectic phase and is not a result of chirality &indthe

with respect toP,, the indigenous polarity order parameter tilted ordering is not always adequately described in terms of
can be eliminated from the expression of the minimized freea single order parameter. On eliminating, by minimization of
energy, yielding an expansion in only the primary tilt orderthe free energy, the secondary tilt and the indigenous polarity
parametett. This expansion has the same form as the conorder parameter, the extended Landau expansion reduces to
ventional expansion in Eq8). However, the renormalized the conventional form of the expansion for the 3mto
coefficients in the t’,P,)-minimized expansion are func- Sm-C (or SmC*) transition but with different physical con-
tions of the coefficients of the initial expansion of H@6)  tent for the expansion coefficients.
rather than “starting” coefficients as in E¢g).

ACKNOWLEDGMENTS

VII. DISCUSSION AND CONCLUSIONS . .
This work was supported in part by the Greek General

We have shown that the conventional phenomenologicabecretariat of Research and Technology and the European
description of the Si+—Sm-C phase transition in terms of a Social Fund under the PENED'99 Project No. 99ED52.
single tilt order parameter is applicable only to moleculesP.K.K. gratefully acknowledges financial support from the
that have an axis of higher than twofold rotational symmetryUniversity of Patras under the project “Karatheodori Scien-
Such molecular symmetry requirements, however, are ndific Research Program,” Grant No. 1931. D.J.P. thanks Ed
met by any of the real molecules forming Sthphases. We Samulski for many stimulating discussions and Panos Photi-
have also shown that the symmetries and the conformationalos for good advice.
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independent, tilt order parameters and also to polar arrange-
ment of the molecules. The latter is described by pseudovec-
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APPENDIX A
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750 =cod(e/2) %)+ sird(/2) n) — sine 742,
(A4)

75 = co(e/2) n@ —sind(e/2) n) .

Now, if we describe the orientation of the molecular frame
xyzrelative to the macroscopic, phase fixed, fraxiéZ by

the three Euler anglds5] ¢,9,#, the relevant tilt and po-
larity order parameters associated with the molecular axis
frame are given by

A= —(sin 29 cos¢)/2,

y

é 7{)=(sin 29 cos¢ cosy— sin 9 sin ¢ sin 2y4/)/2,

- (A5)
FIG. 5. Graphic representation of the molecular vectors, axis 72 =(cos 29 cos¢ cosy— cosd sin¢ siny)/2,

frames, and angles introduced in E¢&1) and (A8) in relation to

the oblique cylinder geometry. (Xx)={(cos¥ sin¢ sinyy— cosep cosy)/2.

for rigid molecules possessing a plane of symmetry and & is apparent from these equations that the four order param-
twofold rotation axis perpendicular to it. For concreteness€ters are, in general, independent. In the special case where
we use the molecular geometry in Figcl i.e., molecules the rotations are completely unbiasgugher than twofold
whose orientation can be described completely in terms ofotational symmetry about the molecularaxis), only one

two noncollinear unit vectors ands’ lying on the plane of independent tilt order parameter survives since then Egs.
symmetry of the molecule and forming a fixed anglésee  (A5) yield
Fig. 5. As explained in Sec. Il B, the relevant orientational

) ( )
order parameters up to second rank for such molecules are 2= 22 (AB)
7.7, 755, and(a,) and they are given in Eq€9)-  ang
(12).
We define an orthogonal frame of molecular axee 7D =0=(xyx). (A7)

such thaix coincides with the twofold symmetry axis and the

unit vectors along the other two axes are relatesiands’ as  In the general case, it is always possible to eliminate the
follows: “mixed” order parametern(yz) by rotating the molecular
frame about thex axis by an anglei to the molecular frame

of the principal molecular axesy,z (see Fig. 5. The angle

u of rotation is given by the relation

z=(s+5')/2coge/2), (A1)

y=(s—5')/2sin&/2).
tan 2u= 277()/2)/( 77(2) — 77()’) (A8)
By analogy then with the order parameters in E§—(11) ve e
we can define the order parameters associated with the uriihis rotation makes the mixed order parameter vanish and
vectors of the molecular frame: leaves the polar order parameter invariant since the axes

andx coincide. The order parameters expressed in the two

(2) — _
Nap = (3(ZaZp) — Jap)/2, frames are related as follows:

130 =(3(YaYb) — dan)/2, (A2) 78=n@codu,
7857 =3(ZaYp+ YaZo) 4. 7= nMsirtu,
;r:)?eréallaa: (;;(lirgsarametéaQ is expressed in terms of the 202 =( g{) g’%)sin 2u/2, (A9)
(ay)=sine((zXy)x) = —sine(xy). (A3) 2 =0,
The second rank order parameters associated with the vectors (Xx) = (Xx).

s, can be obtained from the corresponding order param-
eters of the molecular frames according to the relations  Accordingly, it is possible to replace the description in terms
of three tilt order parameter&associated with the tensor

7 =cof(e/2) B +sirf(e/2) ¥+ sine n%?, componentsy{), 7, 7)) by a description in terms of
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just two tilt parametergassociated Withn@z.n(y%) and a y=[p-(sxs')]/sirfe,
molecular axis rotation angle The polar order parameter is
identical in both descriptions. ande is the angle formed by the vectosss’ as shown in
Fig. 5.
APPENDIX B Since the molecules are assumed to be rigid, i.e., the di-

pole moment is fixed relative to the vectars’ and the latter

Here we derive Eq(14) for molecules of the idealized e fixed relative to each other, the ensemble avetage
structure shown in Fig. (#). The spontaneous polarization can pe expressed as follows:

Ps is related to the ensemble average of the molecular dipole
momentu according tq[1] ()= a(9) + B(S )+ y{((sX ). (B4)
Ps=Mu). (B1) _ _ ,

As explained in Sec. IKs)=0=(s') due to the symme-
where is the molecular number density. To relate the en-tries of the SmE phase. Furthermore, noting thaX(s')
semble averagéu) to the appropriate order parameters we=a and therefore sia=|al, the ensemble average in Eq.
expressu in the molecular frame defined by the two vectors (B4) can be written as

s,s' of Fig. 1(d):
=y((sx8))=(u-a)(a)/|a?*=[(u-a)/|a]P,,
= ast BS + y(sX ), B2 (m=¥((sxs))=(pa)(@)/|a*=[(u-a)/|a|]]P, @5
where where the last equality follows from the definition of the
a=[(u-s)— (mu-s')cose]/sirfe, indigenous polarity in Eg(13). On substituting this expres-
sion in Eq.(B1) and definingu’ =(u-a)/|a we obtain Eq.
B=[(m-8')— (m-s)cose]/sirfe, (B3)  (14).
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